Let M be a smooth manifold which is homeomorphic to the n-fold product of S k , where k is odd. There is an induced homomorphism from the group of diffeomorphisms of M to the automorphism group of H k (M ; Z). We prove that the image of this homomorphism contains a congruence subgroup of SL n (Z) whenever n is at least 3.
Introduction
Given a group G acting on a space, there are induced actions of G on the endomorphisms of various topological invariants associated with the space. For instance, if M is a manifold and G acts on M then there is an induced action of G on the automorphisms of H • (M ; Z), the cohomology ring of M . A natural question is the following:
What is the image of G inside Aut(H • (M ; Z))?
This question can be phrased in the appropriate category and the answer will depend on this choice. For example, one can choose G to be acting by isometries on a Riemannian manifold. In this paper we will focus on groups acting by diffeomorphisms on a smooth manifold.
It is worthwhile mentioning Zimmer's program briefly (cf. [15, 16] for Zimmer's original version of the conjectures). Although this program is not directly related to our paper, some of the results (of the program) that have been proven or have been conjectured resonate well with our result. Broadly construed, Zimmer's program aims to understand actions of finitely generated groups on compact manifolds by diffeomorphisms. A more precise version is the following conjecture:
Higher rank irreducible lattices do not act faithfully on low dimensional manifolds.
In other words, Zimmer suggests that one should be able to show that SL n (Z) cannot act non-trivially on any manifold of dimension d < n − 1 except via finite quotients. There is vast body of mathematical work and literature on Zimmer's program. We refer to the excellent review article [4] of Fisher for details and further references. In fact, a question posed in [4] (based on previous work by Fisher and Whyte) is the following:
Question Let M be a compact manifold with π 1 (M ) ∼ = Z n and assume Γ < SL n (Z) has finite index. Let Γ act on M fixing a point so that the resulting Γ action on π 1 (M ) is given by the standard representation of SL n (Z) on Z n . Is it true that the dimension of M is at least n?
We formulate a variant of this question for simply connected manifolds. This variant deviates, in part, from Zimmer's program in the sense that we are trying to construct lattices that act faithfully via diffeomorphisms on manifolds whose dimension is much higher than the rank of the lattice. One may consider a smooth manifold M which is homeomorphic to the product of n smooth spheres, i.e.,
is a homeomorphism and Σ k j are smooth homotopy k-spheres. (By a homotopy k-sphere we mean any smooth manifold which is homeomorphic to S k .) The group of diffeomorphisms of M induces an action on H k (M ; Z) ∼ = Z n . In fact, this action determines the action on the full cohomology ring by the cup product structure. We shall focus on actions on homology groups of M . One can ask if there is a finite index subgroup Γ < SL n (Z) which acts by diffeomorphisms on M and induces the standard representation of Γ < SL n (Z) on Z n ∼ = H k (M ; Z)? It is not apriori clear that such actions exist. The following is our main result.
Theorem Let M be a smooth manifold homeomorphic to a n-fold product of k-dimensional smooth spheres where k is odd. The subgroup R(k, n) of GL n (Z) representable by selfdiffeomorphisms of M contains a congruence subgroup if k = 1, n = 4 or k > 1, n ≥ 3.
When M is a product of standard spheres then a similar result was proven by Lucas and Saeki [7] . However, our result is far more general and the method of proof is necessarily different.
Several comments are in order. Our main result is a combination of Theorem 3.8, Theorem 3.9 and Remark 3.12. Theorem 3.8 is a special case when M is the product of n smooth k-spheres and k > 1. A modified line of reasoning leads us to Remark 3.12 which allows us to upgrade Theorem 3.8 by replacing a product of spheres up to homeomorphism. The hypothesis on M in Theorem 3.9 (corresponding to k = 1 in Theorem) is that M is homotopy equivalent to the n-torus. It is known that a manifold homotopy equivalent to the n-torus is actually homeomorphic to it.
Congruence subgroups, being the kernel of the natural map 1 SL n (Z) → SL n (Z m ), m ∈ N, are of finite index. Therefore, our theorem provides a step towards an affirmative answer to the question posed earlier. However, ideally one would want to realize this congruence subgroup inside the diffeomorphism group; i.e., split R(k, n), or some congruence subgroup inside it, back to Diff(M ). And this is a natural direction we hope to pursue.
Monoid of homotopy equivalences
Let S k be a simply connected sphere, where the k is odd and k = 1, 3, 7. The cases of S 1 , S 3 and S 7 will be dealt with in §2.1. Let
be a smooth manifold homeomorphic to the product of n smooth spheres of dimension k. We shall use S k to denote the round sphere, i.e., the unit sphere in R k+1 equipped with the standard smooth structure. Definition 2.1. Given an oriented, topological manifold X, we define Aut(X) to be the set of orientation preserving homotopy equivalences from X to itself. The set of homotopy classes of (orientation preserving) self-homotopy equivalences of X forms a group and will be denoted by G(X).
Remark 2.2. Since Σ k i and S k have the same underlying topological manifold, for the purpose of studying Aut(M ), it suffices to consider self-homotopy equivalences of
Let ι j : S k → (S k ) n be the inclusion of the j th sphere. We shall also use ι j to denote the image of a generator ι j [S k ] ∈ π k (S k ) n . It follows from the definition of (S k ) n that the Whitehead products [ι j , ι l ] = 0 whenever j = l. We shall assume that n ≥ 2. Given a map f : (S k ) n → (S k ) n , the induced map
in terms of the standard basis coming from the product decomposition, is an element of M n (Z). We shall denote this n × n integer matrix by A(f ) = ((a ij )). Let ι ∈ π k (S k ) be the class of the identity map. It is known [1] that [ι, ι] is of order 2 when k is odd and not equal to 3 or 7. Then
This forces a js a ls to be even for j = l and any s.
Definition 2.3. Given two elements v, w ∈ Z n we define the pre-dot product to be
Let W n (2) denote the set of matrices A ∈ SL n (Z) with the property that the pre-dot product of any two distinct rows of A lie in (2Z) n ⊂ Z n .
Lemma 2.4. The set W n (2) is a subgroup of SL n (Z) containing the principal congruence subgroup Γ n (2) with [W n (2) : Γ n (2)] = n!. A set of coset representatives is given by A n τ A n with τ as in (2.2) and A n is the group of even permutations.
Proof. It is known that the homomorphism (reduction of coefficients)
is surjective. The set P n of permutations on n letters is a subgroup 2 of SL n (Z 2 ). We shall show that W n (2) = R −1 (P n ). In particular, Γ n (2) := R −1 (Id) is a normal subgroup of W n (2). We are led to a short exact sequence
Since det A is odd, each column of A must have at least one odd entry, for otherwise det A (via a cofactor expansion along this column) is even. By the defining property of A, each column of A can have at most one odd entry, whence exactly one such entry per column is permitted. Thus, A has exactly n odd entries. If a row has more than one odd entry then some row has all entries even which contradicts det A being odd; A must have exactly one odd entry in each row and each column, whence R(A) ∈ P n . Let P σ be the permutation matrix corresponding to a permutation σ of {1, · · · , n}, i.e., (P σ ) ij = δ jσ(i) . Let τ ∈ W n (2) be the matrix
2 All permutations have sign 1 in Z2.
This plays the role of the transposition 3 (1 2). It can be verified that
In particular, this implies that A n and τ A n form a set of coset representatives for Γ n (2) in W n (2).
We now consider orientation preserving homotopy equivalences of M (k, n). Let f be a homotopy equivalence with A(f ) being the induced matrix (2.1). Since f is orientation preserving, the induced matrix A(f ) has determinant 1. Consider the map
This map induces a group homomorphism
where G(X) is the group of (orientation preserving) homotopy classes of self-homotopy equivalences.
Remark 2.6. Any element A ∈ W 2 (2) can be realized by a map; define f A : S k ∨ S k → S k ∨ S k by wrapping the first sphere a 11 times around the first sphere and a 12 times around the second sphere. Now wrap the second sphere a 21 times around the first sphere and a 22 times around the second sphere. Since a 11 a 21 and a 21 a 22 are both even,
We extend f A to f : S k × S k → S k × S k by attaching a top cell on both sides, where the attaching map is the same on both sides. By construction, f ∈ Aut M (k, 2) and induces A(f ) = A.
Proof. To prove surjectivity of Ψ, it suffices to check surjectivity for a generating set of W n (2). For n ≥ 3 each even permutation σ ∈ A n naturally induces (and is induced by) the map that permutes the factors in M (k, n). To realize τ , we can define a map f :
implies that A(f τ ) = τ . This takes care of the generators of the coset representatives.
Recall that we use ε ij to denote the matrix with zeroes everywhere except at (i, j) th entry which is 1, whence the elementary matrix E ij = I n + ε ij . Lemma 2.7 implies that Γ n (2) is generated by:
(i) the second power E 2 ij (and their inverses) of elementary matrices E ij , and
(ii) the matrices J i = I n − 2ε ii − 2ε (i+1)(i+1) . For any E 2 ij the matrix (1, 2; 0, 1) or (1, 0; 2, 1) can be realized by a self-homotopy equivalence of S k × S k (the product of the i th and j th sphere in M (k, n)). This can be extended (by declaring this to be identity on the other factors) to an element of f ∈ Aut M (k, n) such that A(f ) = E 2 ij . The non-trivial 2 × 2 block in J i is the matrix −I 2 ∈ W 2 (2). This can be realized by a self-homotopy equivalence of S k × S k which changes orientation of i th and (i + 1) th spheres simultaneously. This map extends (via identity on other factors) to an element of Aut M (k, n) . This proves surjectivity of Ψ.
It still remains to prove the following result.
Lemma 2.7. (i) The principal congruence subgroup Γ 2 (2) is generated by E 2 12 , E 2 21 and −I 2 . (ii) When n ≥ 3 the principal conguence subgroup Γ n (2) SL n (Z) is generated by E 2 ij and
Proof. We shall prove (ii) first, which is a generalization of (i). Let
It is known [3] that the normal closure of the subgroup generated by S in SL n (Z) is Γ n (2) when n ≥ 3. However, S itself does not generate Γ n (2). Let H be the subgroup generated by S and J i 's. The normal closure of H in SL n (Z) is necessarily Γ n (2). The proof is complete if we show that H is normal. Equivalently, since E ij 's generate SL n (Z), we need to show that E ij AE −1
ij and E −1 ij AE ij are words in E 2 ij 's and J i 's when A ∈ S ∪ {J i } i . If we denote the matrix J ik = I n − 2ε ii − ε kk then
is an element of H. In this notation, J i(i+1) = J i as defined before. A few explicit calculations reveal that
To prove (i), which is well-known and has several proofs, we recall that any upper triangular matrix with ±1's on the diagonal is generated by
Definition 2.8. Let hR(k, n) denote the subgroup of GL n (Z) representable by a selfhomotopy equivalence f of M (k, n), i.e., A ∈ hR(k, n) if and only if
in terms of the natural basis, is A.
In light of Proposition 2.5, we have a description of hR(k, n).
Theorem 2.9. The group hR(k, n) contains W n (2) as a subgroup of index 2.
Proof. It follows from Proposition 2.5 that W n (2) is precisely the subgroup of hR(k, n) consisting of orientation preserving homotopy equivalences. This is subgroup of index 2. In fact, a precise description of hR(k, n) is that it consists of elements A ∈ GL n (Z) such that A mod 2 is a permutation matrix.
Remark 2.10. It is a classical fact that the map ψ x : S k → S k , defined for x ∈ S k , as ψ x (y) := x − 2 x, y y has degree (−1) k+1 + 1. If k is odd then this degree is 2. In [7] they use this to realize the matrix E 2 12 via the diffeomorphism
The matrices E 2 ij can be realized in a similar manner. Therefore, any element of hR st (k, n) can actually be realized by diffeomorphisms.
The other spheres
It remains to discuss the cases of self-homotopy equivalences of M (k, n) when either k is even or k = 1, 3, 7. When k is even, we shall see that the group hR(k, n) is actually finite. The cases when k = 1, 3, 7 are special from other odd values of k as S 1 , S 3 and S 7 admit multiplications.
We first deal with the case when
be the inclusion of the j th sphere. We shall also use ι j to denote the homology class (ι j )
In particular, each of the coefficients a jk a lk = 0 and in the k th column of A there is at most one non-zero entry. Thus, each column of A can only have at most one non-zero entry. If we demand that f is a homotopy equivalence then det A = ±1 and A, being a matrix with integer entries, has only ±1 as its non-zero entries. Such matrices are realizable as maps from M (k, n) to itself which permutes the factors and (possibly) switch orientation of some factors. The group hR(k, n) ⊂ GL n (Z) is, in fact, of order 2 n n!. Now we turn to M (k, n) with k = 1, 3, 7. The spheres S 1 , S 3 and S 7 admit multiplication. In fact, S 1 , S 3 are Lie groups but S 7 does not admit a strictly associative multiplication [5] . Let ι ∈ π k (S k ) be the class of the identity map. Then [ι, ι] = 0 and this happens [1] only for k = 1, 3, 7. Therefore, there are no obstructions from Whitehead products as far as realizability of a matrix A ∈ GL n (Z) is concerned. In fact, given A ∈ GL n (Z) and k = 1, 3, let us define
where we consider S 3 as the multiplicative group SU(2). This is actually a real analytic map and induces the matrix A. Thus, there is the equality
Note that the definition of P A does not work for S 7 due to the failure of associativity [5] of any multiplication on S 7 .
Remark 2.11. Notice that P A (2.3) is a diffeomorphism for (S 1 ) n . However, the map P A fails to be a diffeomorphism for (S 3 ) n for most matrices A ∈ GL n (Z). An explicit example where P A is not one-to-one is the 2 × 2 matrix A whose first row is (1, −1) and second row is (−1, 2). In this case, both (−i, −1) and 1 2 (i + ak, 1 + aj) are mapped to (i, i) where a denotes a square root of 3 and i, j, k are the standard unit quaternions.
The group SL n (Z) is generated by the elementary matrices E ij . Now any E ij is realizable for (S 1 ) n , (S 3 ) n and (S 7 ) n , where S 7 is the space of unit octonions. For instance, if i < j then the map
is one such, i.e., A(P ij ) = E ij . It is clear that P ij is a diffeomorphism. Given A ∈ SL n (Z) we may write it as a product of elementary matrices A = E 1 E 2 · · · E r . Then P E 1 • · · · • P Er is a diffeomorphism which induces A. In general, since exotic spheres exist in dimension 7, it is not clear whether E ij can be realized for M (7, n) = Σ 7 1 × · · · × Σ 7 n . For the convenience of the reader, we gather all the previous observations. Proposition 2.12. Let M (k, n) be as before and hR(k, n) be the associated group.
(1) If k is even then hR(k, n) is a subgroup of GL n (Z) of order 2 n n!. (2) If k = 1, 3, 7 then hR(k, n) = GL n (Z).
Subgroups in the image of diffeomorphism groups
Recall our notation: let k ≥ 3 be an odd positive integer and n ≥ 1 be a positive integer, and let
Here M (k, n) is the smooth structure set of M kn := M (k, n), i.e., each element in (M kn ) is represented by a homotopy equivalence f : N kn → M kn , where N kn is a closed, smooth manifold -called a homotopy smooth structure on M kn . If g : K kn → M kn is a second such structure, then f ≡ g if and only if there exists a diffeomorphism F : N kn → K kn such that g • F ∼ f , i.e., g • F is homotopic to f . Note that (M kn ) has an obvious base point * , namely, * is the class of id M : M kn → M kn . One defines 0 (M kn ) to be the subset of (M kn ) consisting of those elements that can be represented by some self homotopy equivalence ϕ : M kn → M kn . It is clear that * ∈ 0 (M kn ). If M and N are smooth manifolds which are homotopy equivalent then there is a bijection between (M ) and (N ).
Example 3.2. For l ≥ 1 we note that (S l ) is actually the group of exotic spheres Θ l and 0 (S l ) = { * }. Moreover, the structure sets (S 3 × S 4 ) and (S 3 × S 3 × S 3 × S 3 × S 3 ) are both infinite.
Proof. Consider the set {id = ϕ 0 , ϕ, · · · , ϕ m } of cardinality m + 1. By the pigeon-hole principle, there exists integers 0 ≤ i < j = i + s ≤ m such that the homotopy smoothing ϕ i : M → M and ϕ j : M → M are equivalent, i.e., there exists a self-diffeomorphism F : M → M such that the following diagram commutes up to homotopy:
is given 4 by the matrix A.
Remark 3.5. Since hR(k, n) contains R(k, n), it follows from Proposition 2.12 and Theorem 2.9 that in general all of GL n (Z) is not representable by diffeomorphisms. In fact this is only possible when k = 1, 3 or 7.
We shall reserve the notation R st (k, n) for the group R(k, n) associated to S k × · · · × S k , where S k is the standard smooth sphere.
Corollary 3.6. The group R(k, n) contains an infinite normal subgroup of GL n (Z).
To prove this we make crucial use of the related larger subgroup hR(k, n) consisting of matrices A ∈ GL n (Z) such that there exists a self-homotopy equivalence f of M (k, n) with f * = A. We will relate R(k, n) to the congruence subgroup Γ n (2) of GL n (Z). Recall that for s ∈ Z + , the congruence subgroup Γ n (s) of level s is the kernel of the natural homomorphism SL n (Z) → SL n (Z s ) induced by the ring homomorphism Z → Z s . Using the fact that SL n (Z s ) is a finite group, it is easily seen that Γ n (s) is a normal subgroup having finite index in GL n (Z). To prove Corollary 3.6, we recall our previously proven result (cf. Theorem 2.9).
Theorem 3.7. The group hR(k, n) contains Γ n (2).
Proof of Corollary 3.6. Let S = {g m! | g ∈ Γ n (2)}, where m = 0 (M kn ) . We will show that the subgroup S, generated by S, is an infinite subgroup of R(k, n) which is also a normal subgroup of GL n (Z); thus proving Corollary 3.6. The group S is clearly infinite (since it contains the elementary matrix E 2m! 12 and its powers). It is a normal subgroup of GL n (Z) because of the following elementary group theory result.
Fact. Let N be a normal subgroup of G and t ∈ Z + . The subgroup N t of N generated by S = {a t | a ∈ N } is a normal subgroup of G.
Proof of fact. Let g ∈ G and a t ∈ S, where a ∈ N . As N is normal in G, gag −1 ∈ N and, therefore,
Finally, S ⊆ R(k, n) because of Corollary 3.3. This completes the proof of Corollary 3.6. Now Margulis [8] showed that every infinite normal subgroup of SL n (Z) (for n ≥ 3) has finite index. Also Bass, Lazard and Serre [2] and Mennicke [9] proved that every subgroup of finite index in SL n (Z), when n ≥ 3, contains a congruence subgroup. Combining these deep results with Corollary 3.6, we obtain our second theorem.
Theorem 3.8. The subgroup R(k, n) of GL n (Z) representable by self-diffeomorphisms of Σ k 1 × · · · × Σ k n contains a congruence subgroup whenever k is odd and n ≥ 3.
A similar line of argument leads to our next result.
Theorem 3.9. Let T n be a homotopy n-torus, i.e., a smooth manifold which is homotopy equivalent to T n . The subgroup R(T n ) of GL n (Z) representable by self-diffeomorphisms of T n contains a congruence subgroup whenever n = 4.
Proof. When n = 1, 2 the homotopy torus T n is diffeomorphic to T n and the group R(T n ) is GL n (Z). When n = 3, the proof of Poincaré conjecture by Perelman implies that homotopy 3-tori are irreducible, i.e., any embedded 2-sphere bounds a 3-ball. Stalling's fibering Theorem [13] then implies that T 3 is the total space of fibration with base S 1 and fibre T 2 . It follows from [11] that T 3 is homeomorphic to T 3 and by Moise's theorem [10] these two manifolds are diffeomorphic. In particular, R(T 3 ) = GL 3 (Z). It is known (cf. [14] §15A) that T n is homeomorphic to T n and | (T n )| = | (T n )| is finite when n ≥ 5, whence 0 (T n ) is finite as well. Using hR(1, n) = GL n (Z) (cf. (2.4) ) and applying Corollary 3.3 to T n , we arrive at an analogue of Corollary 3.6 for T n , i.e., R(T n ) contains an infinite normal subgroup of GL n (Z). Therefore, R(T n ) also contains a congruence subgroup.
Remark 3.10. It follows from the discussion in §2.1 that R st (k, n) = GL n (Z) for k = 1, 3, 7 and n ≥ 1. In Remark 2.10 we had seen that R st (k, n) = hR st (k, n) when k = 3, 7 is odd.
Remark 3.11. When n = 2, R(k, 2) certainly contains E 2 (2m!), i.e., the normal subgroup of SL 2 (Z) generated by the elementary matrices 
and is a hyperbolic matrix (i.e., its eigenvalues are not 1 in absolute value) whenever s ≥ 2.
Proof of Lemma 3.1. This result is a consequence of the Browder-Novikov-SullivanWall surgery exact sequence 5 of pointed sets [14] , i.e., where bP nk+1 is a subgroup of Θ nk . Here Θ nk is the Kervaire-Milnor group of homotopy spheres of dimension nk and bP nk+1 is the subgroup of exotic spheres that bound parallelizable manifolds. The main theorem of the Kervaire-Milnor paper [6] states that Θ nk is a finite group. Now the composition map τ • η in exact sequence (3.1) can be described as follows. Remark 3.12. One can improve Theorem 3.8 to include smooth manifolds M which are homeomorphic to n-fold product of k-dimensional spheres, i.e., for such a manifold M , the subgroup R(M ) of GL n (Z) realizable by self-diffeomorphisms of M contains a congruence subgroup. To prove this we need only show that 0 (M ) is finite. Equivalently, it suffices to show that τ η( 0 (M )) has finite image. Since M (k, n) is parallelisable, all higher Pontrjagin classes vanish. By Novikov's topological invariance of rational Pontrjagin classes, p i (M ) ⊗ Q are zero for i ≥ 1. But τ η( 0 (M )) is contained in the subset of stable bundles with vanishing (higher) rational Pontrjagin classes. Since the Pontrjagin character
is a rational isomorphism, it follows that elements of KO(M ) with vanishing rational Pontrjagin classes are torsion elements. As M is a compact manifold, KO(M ) is a finitely generated abelian group and the torsion subgroup is finite. This implies that τ η( 0 (M )) is finite.
